We propose a perturbative method to compute the deflection angle of both null and massive particles for source and detector at finite distance. This method applies universally to the motion of particles with general velocity in the equatorial plane of stationary axisymmetric spacetimes or static spherical symmetric spacetimes that are asymptotically flat. The resultant deflection angle automatically arranges into a quasi-inverse series form of the impact parameter, with coefficients depending on the metric functions, the signal velocity and the source and detector locations through the apparent angles. In the large impact parameter limit, the series coefficients are reduced to rational functions of sine/cosine functions of the zero order apparent angle.
Introduction.-One hundred years ago, Eddington's observation of the lightray bending helped establishing General Relativity (GR) as the correct description of gravity [1] . Nowadays, the deflection of lightrays has become the foundation of gravitational lensing (GL), an important observational tool for astrophysics and cosmology. It is used to study properties of the supernova [2] , coevolution of supermassive black holes (BHs) and galaxies [3] , mass distributions of galaxy clusters [4] and the Universe [5] , cosmological parameters [6, 7] and dark matter and energy [8, 9] .
Traditionally, lightrays have been the main messengers in the observation of trajectory bending and GL. However, with the observation of extragalactic neutrinos from SN1987A [10, 11] and blazer TXS 0506+056 [12, 13] , and the more recent gravitational waves (GWs) [14] [15] [16] [17] [18] , it is now clear that these two kinds of signals can also act as astrophysical messengers and experience deflection and potentially be observed in lensing scenarios [19] [20] [21] [22] [23] [24] . Neutrinos are known to have nonzero masses [25] and GWs might also have a non-luminal speed in some gravitational theories beyond GR [26, 27] . In considering GLs of massive particles, the fundamental quantity -the deflection angle, should be computed along timelike geodesics for source and observers at finite distance. Previously, most works still use the deflection angles computed along null rays for sources and observers at infinity [19] [20] [21] [22] [23] [24] .
Recently, deflection angles of timelike particles with arbitrary velocity were considered for some particular spacetimes using the elliptical integrals of the geodesic equations and their correlation with the neutrino absolute mass and mass order were proposed [28, 29] . Meanwhile, the deflection angle for sources and detectors at finite distance has also been considered using the Gauss-Bonnet theorem method [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . (see [41] and references therein for a partial review). However, a general and yet simple method that works for arbitrary static spherically symmetric (SSS) spacetimes, and equatorial motion in stationary axisymmetric (SAS) spacetimes, is still lacking. In this letter, we report a perturbative method to compute the deflection angle in these cases for signal with arbitrary velocity and from sources and to detectors at arbitrary distances. We use the geometric unit G = c = 1 throughout the letter.
Deflection angle in SAS spacetimes.-The most general SAS metric can be described by [42, 43] 
where (t, φ, x 1 , x 2 ) are the coordinates and A, B, C, D and F are functions of x 1 and x 2 only. The x 1 , x 2 are often chosen as cylindrical coordinates (ρ, z) such as in the Weyl-Lewis-Papapetrou line element [42] , or equivalently the spherical coordinates (r, θ) such as the Boyer-Lindquist coordinates of the Kerr-Newman (KN) spacetime. Here we choose the latter because they allow a straightforward reduction to the deflection angle in the SSS spacetime by simply setting B(r) = 0 in Eq. (1) . Furthermore, we assume that the spacetime permits motion of particles in a plane with fixed θ, which can always be shifted to θ = π/2 and called the equatorial plane henceforth. Motion in this plane then effectively takes place in a 1+2 dimensional spacetime, whose metric after suppressing the θ coordinate becomes
It is then routine to find the geodesic equations for equatorial motion in this metric and the corresponding first integrals and the equation of motion for dφ/dr. Consequently, the deflection angle for a ray from source at r s to a detector at r d is [44] 
Here the first term in Eq. (3) is the change of the angular coordinate from angular coordinate φ s of the source to arXiv:2003.08250v2 [gr-qc] 23 Mar 2020 φ d of the detector, i.e., ∆φ = φ d − φ s . r 0 in ∆φ is the minimal r at which the rays turn from inward to outward motion in the radial direction. L and E are respectively the angular momentum and energy of the unit mass of the particle. β s,d are the small apparent angles of the signal measured locally against the radial direction at the position of the source and detector, respectively. They are present in Eq. (4) to guarantee that the deflection angle is geometrically invariant [31, 41] and recovers zero in the finite distance case in the Minkowski spacetime limit. The −(2i + 1)π term is to modulate away the necessary part such that α is between −π and π. In asymptotically flat spacetimes, on which this letter concentrates, L and E are related to the velocity v at infinity and impact parameter b by
The angular momentum L can also be related to r 0 using the radial geodesic equation dr/dt| r=r0 = 0, to find
where sign s = ±1. In the small spacetime spin limit, |B(r)| 1, the first term in the numerator dominates the second, and therefore s = +1 and −1 correspond to the cases that the particle motion is retrograde and prograde respectively. Further using Eqs. (5) and (6), one can establish the following relation between the impact parameter b and r 0
In the last step we denoted 1/b on the left-hand side as a function p of both b and 1/r 0 . With this function, it is straightforward to prove using the projection of the signal's four velocity
onto the four velocities of the source and detector ∂x µ /∂τ = (1/ A(r s,d ), 0, 0, 0) [45] that the apparent angles β s,d are simply
We now propose a special change of variable in the deflection angle formula (3), following which we can do a series expansion of the new variable and then prove rigorously its integrability to any desired order of 1/b for signals with arbitrary velocity in general SAS metrics and from sources and to detectors at arbitrary distance. The change of variable is inspired by the function p(b, x) defined in Eq. (7) . We can first formally obtain p(b, x)'s inverse function q(b, x) with respect to its second argument such that
Then making a change of variable in Eq. (3) from r to u, who are connected by the relation
we see that after using Eqs. (7) , (10) and (11) repeatedly and after some tedious but still element algebra, the integral limits, the first and second factors and the measure in Eq. (3) become respectively
where p 2 is the derivative of function p(b, q) in Eq. (7) with respect to its second argument q = q(b, u/b). Collecting these together, the change of the angular coordinate in Eq. (3) becomes ∆φ = 1 sin βs
where
The key is to note that this function y b, u b depends on u only through the ratio u b , either directly or through the function q(b, u/b). It then can be expended with respect to its second argument
where y n are the coefficients expressible as polynomials of asymptotic expansion coefficients of the metric functions.
Substituting this into the deflection angle (12) and do a simple change of variable u = sin ξ suggested by the denominator
At this point, the integrability of Eq. (15) to any desired order of y n (b)/b n becomes clear because the integral can always be carried out to yield [46] l n (β s , β d ) ≡
This results in a change of the angular coordinate
Note when r s,d are set to infinity in asymptotically flat spacetimes, β s,d in all l n would vanish and the l n s become independent of r s,d . Besides, from Eq. (16) we see that l 0 = π − β s − β d , which cancels exactly the apparent angles β s,d and one π in Eq. (4). The final result of the deflection angle becomes
A few remarks are in order. First, in the above procedure from definition (3) to result (18) , once the metric functions are given, the only point that one might suspect a difficulty is to find the inverse function q(b, x), because the inverse function of a given function might not always be solvable. Let us point out that here, this is not an issue because what is needed in Eq. (14) or (15) is only the expansion of q(b, x) but not itself. Using the Lagrange inversion theorem, we can directly find its expansion without solving q(b, x) explicitly. Second, the result (18) was obtained, after the expansion of the integrand, in a series form. Therefore, except some critical impact parameter(s) b c below which the integral (3) diverges, the exact deflection angle will be finite and the series (18) will converge to that exact value as the sum goes to high enough order. Third, it is always the case that the spacetimes possess some (at least one) characteristic mass scale, i.e., the ADM mass m. And previously, deflection angles are often computed in the weak field limit b m. However, because now the result (18) is convergent for all b until b c , the weak field limit is not necessary for its validity, neither is the condition r s , r d b.
It is often desirable to express the entire deflection angle (18) as a complete series of 1/b. Noticing the appearance of β s,d , cos β s,d and sin β s,d terms in l n (β s , β d ) in Eq. (16) and the form of β s,d (b, r s,d ) in Eq. (9), it is not hard to convince oneself that in the finite distance case and without making a new expansion for large b, l n (β s , β d ) could never be completely rewritten into a series of 1/b. On the other hand, we are reluctant to do this large b expansion because if this series is truncated, the result will deviate from the true value of the deflection angle before we reach the b → b c limit. With that being said however, one can prove using the method of induction that for asymptotically flat SAS spacetimes, whose metric must satisfy as r → ∞ [47] A(r), rB(r), C(r)/r 2 , D(r) → γ A,B,C,D +O(r −1 ), (19) where γ A,B,C,D are some constants, each factor y n (b) in Eq. (18) will always reduce to polynomials of 1/b of degree n or smaller. Moreover, since the deflection angle α and l n are dimensionless while b is of the dimension of mass, y n (b) must be of dimension m n . Therefore, we can always have
where y n,j are the coefficients of the polynomial. Thus, one can collect the terms in Eq. (18) merely according to the powers of m/b in the factors y n (b)/b n , and the result should always be expressible as a quasiseries of m/b with coefficients being linear combinations of l n and y n,j . That is,
Deflection angle in the KN spacetime.-Here we choose to carry out the above procedure for the KN spacetime for its relevance to practical GLs. Application of this procedure to much more complicated metrics are also simple [48] , if not trivial. The KN metric on the equatorial plane is given by [49] 
where m, q, a = J/m are respectively the total mass, total charge and angular momentum per unit mass of the spacetime and ∆ ± (r) = r 2 ± (2mr − q 2 ). Substituting them into Eq. (7) we obtain the function p K for the KN spacetime
However, this function does not allow a simple and explicit inverse function. Nevertheless, using this and the metric functions in Eq. (13), we can formally obtain y(b, u/b). Its expansion (14) then can be worked out explicitly. Clearly, since the KN metric satisfies the asymptotic conditions (19) , the coefficient y n (b) of the above expansion should be polynomials of 1/b. Further substituting into Eq. (18) and collecting terms according to the power of m/b, one obtains the deflection angle in the form of Eq.
with the coefficients
and higher orders to z 9 have been obtained but not shown for their excessive length (see Supplement Material [50] for these high orders). Hereq ≡ q/m,â ≡ a/m and l n are given in Eq.
according to Eqs. (9) and (23). In Fig. 1 , we model the supermassive BH Sgr A* as a KN BH and plot the deflection angle from source in the Galaxy to detector on Earth, using Eq. (24) truncated to n = 9 as an approximation (grey solid line beneath) and numerical integration of Eq. (4) as an exact value (dashed red line). It is seen that the analytical result agrees perfectly with the exact value in all plots. The effect of b is as expected while that of finite r s,d is very small. The retrograde motion (s = +1) has a slightly larger deflection angle than the prograde motion (s = +1) for all nonzeroâ, including the non-BH case witĥ a > 1. The decrease of the particle velocity increases the deflection angle, also as expected.
Reduction in the SSS spacetimes.-The above method that is valid in the equatorial plane of SAS spacetimes apparently should work for arbitrary geodesic motions in any SSS spacetime because the latter can always be transformed to a motion in the equatorial plane of an SAS spacetime. Here we present the SSS case because its final result has one important simplification comparing to the SAS case.
The most general SSS spacetime can be described by the metric
Although one can always scale r so that C(r) = r 2 , we will keep C(r) general until Eq. (35) because for some special coordinate system keeping C(r) general might be more useful. Setting B = 0 in Eq. (7), the function p in this case becomes
An important difference between this and the corresponding function (7) in the SAS case is that the p here does not depend on b but only on 1/r 0 . The change of the angular coordinate (12) becomes ∆φ = 1 sin βs
with p given in Eq. (26) and
in which q = q(u/b) and q(x) is the inverse of p(x) in Eq. (26) . The expansion of y(u/b) now becomes
This is in contrast to Eq. (14) in that y n here is independent of b due to the fact that q(u/b) and consequently y(u/b) depend on both u and b only through their ratio. Indeed one can prove that to fix the coefficients up to the n-th order in Eq. (30), i.e., y 1,··· ,n , one only needs to know the coefficients of the asymptotic expansion of the metric functions
to the n-th order. To the second order, they are
(See Supplement Material [50] for y 3, 4 ). Of course, if one is interested in the result in the limit b → b c , then the required order would be so high that the metric functions have to be known completely.
The rest of the computation, in particular the integrability of the deflection angle are exactly the same as in the SAS case, with the final result
where l n is still given by Eq. (16) . Ignoring the factor l n (β s , β d ) which is known to be not in power form of 1/b, the rest of this deflection angle is automatically arranged in powers of 1/b. This indeed characterizes the main difference from the formula (18) in the SAS case.
Weak field limit.-Although the results (18) and (33) can approximate very large deflection angles, presently and in the near future only deflection angle in the weak field limit, i.e., b m, is needed for observations. Indeed, much of the terms in formula (18) and (33) , namely the y n /b n , are already in a series form of the small quantity m/b. The weak field limit will then enable us to expand the only left factor l n also into series of m/b through the expansion of β s,d in Eqs. (9) and (28) and further through expansion of p(b, 1/r s,d ) in Eqs. (7) and p(1/r s,d ) in (26) . Because r s,d are also present in l n s, this in turn allows us to see more transparently the effect of finite distance.
For the SAS spacetimes, we will not expand formula (7) for general metrics because of the excessive length of the result, although it is algebraically simple. Rather, we only do a large b expansion for the function (23) of the KN spacetime. Further substituting into (9), (16) and then (21) , one finds the KN deflection angle to the second order of m/b
where β i0 = arcsin(b/r i ) are the zero order apparent angles, and s i0 = sin β i0 and c i0 = cos β i0 (i = s, d) (see Supplement Material [50] for higher orders). The Kerr case withq = 0 of this result appeared in Ref. [40] and partially so in Ref. [41] for lightray. For SSS spacetimes, it was known that when r s,d are infinite and b m, the whole deflection angle (33) to the n-th order of 1/b can be completely determined by the asymptotic expansion of the metric functions (31) to the n-th order [44] . Now in the finite r s,d case, one can show without much difficulty that the factor y n and the large b expansion of factor l n in Eq. (33) can both be determined by the expansion (31) to the n-th order. This implies that in the large b limit, the deflection angle (33), regardless whether the source and detector are at finite or infinite distances, can be completely determined to the (m/b) n order by the expansion (31) to the n-th order. In particular, for asymptotically flat spacetime, after setting a 1 = −2m and c n = 0 in Eq. (31) without losing any generality [52] , the deflection angle to the order (m/b) 2 can be shown to equal
where again β i0 = arcsin(b/r i ), s i0 = sin β i0 and c i0 = cos β i0 (i = s, d) (again see Supplement Material [50] for higher orders).
Discussions.-We now discuss the implication of the result and possible extensions of the method developed here. In Ref. [44] , it was shown that in the equatorial plane of the SAS spacetimes or for any geodesics in the SSS spacetimes, the deflection angle to the first n orders of m/b with infinite r s,d can be determined for metrics that is only asymptotically known to the first n order. In this letter we have shown that this is also the case for the deflection angles with finite source and detector distances, as suggested by formulas (34) and (35) .
The deflection angles (34) and (35) are obtained by only expanding in the large b/m limit. In practice, there are two more limits one can take for these formulas, the ultra-relativistic limit v → c for particles such as supernova neutrinos and GWs and the approximation r s , r d b for practical GL observations. These limits are quite simple and one can directly take them if interested.
As for the equatorial motion in asymptotically non-flat SAS and SSS spacetimes, a brief analysis of our method shows that starting from definition (3), an effective deflection angle can still be computed using this procedure, resulting in a formula in terms of L, E. Although b in Eq. (5) can only be interpreted as an impact parameter in the asymptotically flat spacetimes [53] , one can still express the deflection angle using an effective b and a locally defined velocity in the weak curvature limit (e.g., Λ → 0 in the (A)dS spacetimes) when r s,d is within the outer horizon (if any).
With the method developed here, the next step is to apply it to the deflection angle and GL in various SAS or SSS spacetimes. It would be interesting to see how the high order parameters of the spacetimes and parameters of the signals (velocity, mass, mass order etc.) can affect the observables in GLs. For the former, including a n , b n (n ≥ 2) and c n in Eq. (31) and similar expansion coefficient in SAS metrics, we see that they only appear at or above the (m/b) 2 order in Eq. (35) . A simple estimation can show that when a n /m n , b n /m n (n ≥ 2) are not very large, the (m/b) 2 or higher order contribution to α can only cause a change of the GL observables-image apparent angles and magnification-far beyond the capability of current or near future observatories. This immediately implies that for arbitrary SSS or SAS spacetimes, effects of high order parameters of moderate size will not be recognizable soon in GL observations through these observables.
Lastly, one might notice that the essential steps in method developed here is the change of variable (11) and the expansion (14) . These steps are applicable to calculations involving other geodesic integrals such as the time delay in the GLs. Corresponding work in this direction will be published elsewhere.
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Supplement material: Perturbative deflection angle for signal with finite distance and general velocities
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(Dated: March 18, 2020) To illustrate the power of the method developed in this letter, here we present the high order results of the deflection angles in the equatorial plane of the Kerr-Newman (KN) spacetime and general static spherically symmetric (SSS) spacetimes. The other reason we put them in this supplement material is that result of such high precision are rarely needed in current and near future GL observations.
DEFLECTION ANGLE IN KN SPACETIME
In the equatorial plane of the KN spacetime, for a signal originating from a source located at r s and received by a detector at r d , the deflection angle has been obtained to order (m/b) 2 in Eq. (24equation.0.24) of the main letter, which we quote here as
whereâ = a/m,q = q/m and s = −1 and s = +1 for prograde and retrograde motions respectively. l n were given in Eq. (16equation.0.16) of the main letter. Here we present the coefficients in Eq. (1) from z 3 to z 9 
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The large b limit of the deflection angle (1) to the second order was obtained in Eq. (34equation.0.34) of the main letter. Here we extend this result to third order
where β i0 = arcsin(b/r i ), s i0 = sin β i0 and c i0 = cos β i0 (i = s, d).
DEFLECTION ANGLE IN GENERAL SSS SPACETIMES
The general metric we used for the SSS spacetime is given in Eq. (25equation.0.25) of the main letter, which we quote here ds 2 = −A(r)dt 2 + D(r)dr 2 + C(r)(dθ 2 + sin 2 θdϕ 2 ).. 
Then the deflection angle in this spacetime was given in Eq. (33equation.0.33) in the main letter, which is
with coefficients y 1 and y 2 given in Eq. (32equation.0.32) of the main letter, which we quote here
Here we present the y n to the 4th order
In the expansion (6), one can always set a 1 = −2m where m is the ADM mass of the spacetime, and it is often the case that the metric function C(r) is scaled to C(r) = r 2 [3] . With this simplification, the functions y n in Eq. (9) become 
where the hatted quantities are the corresponding quantities scaled by powers of m, i.e.,x n = x n /m n for x ∈ {a, c, d}.
In the large b/m limit, the deflection angle (7) with the functions y n in Eq. (10) has been expanded to the second order of m/b to yield Eq. (35equation.0.35) in the main letter. Here we extend this expansion to the third order of
Occasionally, the large b/m limit of the change of the angular coordinate in Eq. (27equation.0.27) of the main letter is desired for the finite distance case. Here we present its result to the order of m 2 /b 2 ,
Finally let us mention that we have applied the method developed in the main letter to a few particular spacetimes that we studied, namely the Teo wormhole spacetime [1] , the Bardeen, Hayward, Janis-Newman-Winicour and Einstein-Born-Infeld spacetimes [2] , to investigate the effect of finite r s,d in these spacetimes. Results to higher orders than in these works have been obtained, and the previous result with r s,d → ∞ can be fully recovered. The corresponding work will be published elsewhere.
